The theory of hypernumbers and extrafunctions is a novel approach in functional analysis aimed at problems of mathematical and computational physics. The new technique allows operations with divergent integrals and series and makes it possible to distinct different kinds of convergence and divergence. Although, it resembles nonstandard analysis, there are several distinctions between these theories. For example, while nonstandard analysis changes spaces of real and complex numbers by injecting into them infinitely small numbers and other nonstandard entities, the theory of extrafunctions does not change the inner structure of spaces of real and complex numbers, but adds to them infinitely big and oscillating numbers as external objects. In this paper, we consider a simplified version of hypernumbers, but a more general version of extrafunctions and their extraderivatives in comparison with previous works.
INTRODUCTION
The theory of hypernumbers and extrafunctions emanated from physically directed thinking and was derived by a natural extension of the classical approach to the real number universe construction. Namely, an important class of problems that appear in contemporary physics and involve infinite values inspired this theory. As it is known, many mathematical models, which are used in modern theories of elementary particles (such as gauge theories) and some other physical theories, imply divergence of analytically calculated properties of physical systems. The simplest example is the case of a free electron when its interaction with photons changes the energy of the electron so that the energy becomes infinite (in a model). Mathematical investigation of many physical problems gives rise to divergent integrals and series that are such mathematical constructions that have, in some sense, infinite values. However, physical measurements give, as the result, only finite values. That is why, many methods of divergence elimination (regularization), i.e. of elimination of infinity, have been elaborated (cf., for example, Edzawa and Zuneto 1977 or Collins, 1984) . Nevertheless, the majority of them were not well grounded mathematically because they utilized operations with formal expressions that had neither mathematical nor physical meaning. Moreover, there are such models in physics that contain infinities that cannot be eliminated by these methods based on existing mathematical theories. Only in the theory of hyperintegration (Burgin, 1990; 1995a) , based on the theory of hypernumbers, all divergent integrals and series that appear in the calculations with physical quantities become correctly grounded as strict mathematical objects.
In addition to this, theory of hyperintegration suggests a new approach to functional (path) integrals (Burgin, 2000b ). An important peculiarity of this approach is that functional integrals are treated as ordinary integrals in which hypermeasures are used instead of ordinary measures. Moreover, it is possible to apply this approach to develop an integral calculus for arbitrary functional spaces.
The new theory provides also new facilities for mathematics and numerical computations. For example, there was time when mathematicians (such as Leonard Euler, who was the greatest mathematician of his time) manipulated with divergent series (that have infinite values) in the same way as they treated convergent series (that have finite values). But it was demonstrated (in the context of real and complex numbers) that such manipulations were not mathematically correct and led to contradictions. Utilization of asymptotic series, which are divergent, for function approximation (cf., for example, Collins, 1984) Gontar, 1997) whether chaotic solutions of the differential equations that model physical systems reflect the dynamic laws of nature represented by these equations or whether they are solely the result of an extreme sensitivity of these solutions to numerical procedures and computational errors. Theory of hypernumbers and extrafunctions provide a new mathematical technique for dealing with these and other problems of the theory of chaos considered by Gontar and Ilin (1991) and Gontar (1993; 1997) . For example, the definition of chaos, as Gontar emphasizes, makes it problematic to use the apparatus of the conventional differential calculus to describe chaotic motion mathematically. Calculus with extrafunctions offers much more powerful and sophisticated means for treating such problems.
In addition, the theory of hypernumbers bestow possibilities for solution of another important scientific problem. In recent years in the works by Fisher (1971; , Rosinger (1980) , Colombeau (1984; , Li Bang-He and Li Ya-Qing (1985) , Oberguggenberger (1986; , Burgin (1987) , Egorov (1990) , Delcroix and Scarpalezos (1997) In the second section of this paper, going after introduction, basic notions of the theory of hypernumbers are introduced. In this theory, spaces of real and complex numbers are extended to spaces of real and complex hypernumbers. The latter include the space of real and complex numbers, respectively, without any change. In contrast to this, nonstandard analysis (Robinson 1974) or theories of generalized functions from Egorov (1990) and Li Bang-He and Li Ya-Qing (1985) , where generalized number domains are constructed, transfigure the initial number domain because between any pair of conventional numbers a universe of nonstandard, in particular, infinitely small, numbers is injected. At the same time, the space of hypernumbers does not contain infinitely small numbers, but contains only infinitely big numbers. This correlates with the opinion of physicists that there are no infinitely small numbers in physics. In addition, spaces of real and complex hypernumbers have a good (Hausdorff) topology, which implies such important property as uniqueness of the limit of a sequence. This provides a relevant base for elaboration of a differential calculus in the hypernumber universe.
In the third section of this paper, three classes of extrafunctions are considered: pointwise, compactwise, and measure-wise extrafunctions. All kinds of extrafunctions are constructed basing on topological principles.
However, for each kind of extrafunctions a corresponding topology is used: the topology of pointwise convergence for pointwise extrafunctions, the topology of compact convergence for compactwise extrafunctions, and the topology of convergence with respect to some measure for measure-wise extrafunctions. This is a further development of the theory from Burgin (1990; 1995a; 2001a . What concerns the relation --<, the above proof shows that it is transitive. In addition to this, it is asymmetric because by the definition of a hypernumber, we have that ce -< a and a -</3 and/3 -< c imply c =/3. Thus, --< is a partial order.
We There is a natural mapping m2 EXE,Q(R) EXE,Q2(R).
Namely, iff EQn(x); n to} is a real E,Q-extrafunction, then m(f) EQnm(X); m, n to} with f m(x) f(x)
for all m to. We denote the set of all approximations in of a real E,Q-extrafunctionfin EXe,Q2 (R) by Apprf. The sets of all (all two-sided, left, strict left, right, strict right, centered) approximations of x is denoted by appr x (bappr x, lappr x, slappr x, rappr x, srappr x, cappr x, respectively). To define extraderivatives for an E,Q-extrafunctionf EQn(x); n to}, we consider an R-approximation I, the sequence F= {fn(x);n to} of real functions, the Being closer to computational procedures, than the classical derivative extraderivative may be even more enhanced if it will take into account imprecision of computation. A technique to do this is based on neoclassical analysis, and namely on such concepts as fuzzy continuous functions (Burgin, 1995b) and fuzzy limits (Burgin, 2000a) . In this more general context, difference operators become particular cases of differential operators and difference equations become particular cases of differential equations.
Let a, b R, F Apprf G Appr g, and H aF + bG. Then Theorem 3.3 and Propositions 3.5 and 3.6 imply the following result. In the second case, we take the sequence of pairs I (bi, ai);i o}. Each pair (bi, ai) corresponds to the ratio (f(bi)-fn(ai))/(bi-ai). Because, by our assumption, the sequence ((f(bi)-f(ai))/(bi-ai))i diverges, it defines the infinite hypernumber Hn ((f(bi) fn(ai))/(bi ai))io. Third, it would be advantageous to use the theory of extrafunctions for the development of the theory of operators and operator algebras in infinite dimensional spaces. Operator algebras are frequently used in theories of quantum fields, theory of chaos, and synergetics (cf., for example, Haag and Kastler, 1964; Horuzhy, 1986; Prigogine, 1980) . Hypernumbers allow one to define hypernorms on topological spaces and algebras. With respect to operators, this makes possible to consider unbounded operators to a full extent and to study hypernormed algebras of such operators. The crucial point in this direction is the definition of multiplication of hypernumbers.
In the present work, a new approach to analysis is presented. It is based on an extension of real numbers to a much broader universe of real hypernumbers. In addition to real numbers, this universe contains different infinite and oscillating numbers. The theory of hypernumbers is the base of the theory of extrafunctions. The results of this paper contribute to the further development of this theory, unifying results from Burgin (1990; 1995a; 2001a) and directing them to the problems of mathematical and computational physics with an emphasis on the theory of chaos.
In addition to this, the theory of extrafunctions provides new possibilities in different areas. For example, divergent processes are at the core of the classical and modern mathematical analysis. Careful control and management of these processes are essential (Bray and Stanojevic, 1998) . In the universe of hypernumbers, all sequences and series of real and complex numbers as well as definite integrals of continuous functions have values. For convergent sequences, series and integrals, these values are ordinary numbers, while for divergent sequences, series and integrals, these values are infinite and oscillating hypernumbers. As a consequence, control and management of divergent processes becomes much simpler.
Problems of divergence frequently emerge in different computational problems (cf., for example, Steffen and Ingolfsdottir, 1994) . Consequently, the theory of extrafunctions opens new perspectives in this direction.
